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1. [20%] Let

6.

cos# smf 0 0
—sinf cosf# 0 0
0 0 2021 1

0 0 0

A=

=]

where a. ) € R.

(1) Find A", n € N.
(2) Show that A is invertible if and only if @ # 0. Find A", n € Z, it A is invertible.

15%)] Find the Jordan canonical form of the matrix

-4 2 10
-4 3 7
-3 1 7

120%] Let S be the set of solutions to the system of linear equations

r—2y+2=0
20 — 3y + 2z = 0.

(1) Show that S is a subspace of R3.

(2) Find a basis for this subspace S.

(3) What is the dimension of S7

(4) Let {v1,v9,...,v,} be a linearly independent subset of S. What is the possible
maximal value of n?

[15%] Let A be an invertible n x n matrix so that A™ = I. Show that I — A, where T
is the n x n identity matrix, is invertible. Find (7 — A)~!.

[15%] Let T be the linear transform on the set M, (R) of n x n matrices over R
defined as T(A) = A", the transpose of A € M, (R). Find all eigenvalues of T and the
corresponding eigenvectors.

15%)] Let V' be a vector space with dim V' = n. Suppose that 7' : V' — V is a linear
transformation and v € V satisfying A" 'v # 0 and A"v = 0. Show that A admits the
matrix representation

with respect to some basis of V.






